In this paper we investigate regularity aspects for solutions of the nonlinear parabolic equation ut = ∆u m , m > 1 usually called the porous medium equation. More precisely, we provide sharp regularity estimates for bounded nonnegative weak solutions along the free boundary ∂{u > 0}, when the equation is universally close to the heat equation. As a consequence, local Lipschitz estimates are also established for this scenario.
Introduction
The aim of this article is to study fine regularity properties for solutions of the porous medium equation-(pme) u t = ∆u m , m > 1.
(m-pme)
The mathematical analysis involving pme has attracted attention for the last six decades, motivated by its relation with natural phenomena models which describe processes involving fluid flow, heat transfer and, in general terms, nonlinear diffusion process, cf. [19] .
Unlike the uniform parabolicity exhibited for the classical linear heat equation u t = ∆u, case m = 1, for parameters m > 1 the finite speed of propagation property holds for (m-pme) and so, solutions may present parabolic degeneracy along the set F(u) = ∂{(t, x) : u(t, x) = 0}, which imposes lack of smoothness for solutions. In general, the best regularity result known guarantees local C 0,α regularity for solutions in time and space for some universal 0 < α ≪ 1, see [8, 9] . However, no more information is known for the exponent α. In this connection, specifically for dimension d = 1, it was established that the pressure term ̺ ≈ u m−1 is locally Lipschitz continuous in space, see [2, 3] . From this fact, solutions are C 0,β for the sharp exponent β = min{1, 1/(m − 1)}.
Nevertheless, it does not occur in higher dimensions due to a counterexample provided in [4] . On the other hand, under natural extra conditions, solutions may present surprising gains of regularity. For instance, it was shown in [12] that after a time interval locally flat solutions of (m-pme) and their respective pressure terms are C ∞ . This exemplify how the question of obtaining sharp regularity estimates for solutions of (m-pme) has been an interesting and delicate subject. We also mention [1] for sharp regularity estimates, obtained in terms of the integrability of the source term and [7] for Lipschitz regularity estimates for large times.
In the 1950s, a fundamental solution for (m-pme) was found by Barenblatt [5] , Zel'dovich and Kompaneets [13] and later by Pattle [14] . They obtained the following explicit formula
where d denotes the dimension of the euclidean space. This fundamental solution, also called Barenblatt solution, presents a Dirac mass as the initial data due to B m (t, |x|, C) → M δ 0 (x) as t → 0, where M (C, m, d) = B m dx is the total mass. Based on the structure of B m , we observe that at the inner edge
the gradient blows up for m > 2, is finite when m = 2, and vanishes (but with a nonzero derivative) in the case 1 < m < 2. More precisely, we note that lim
where E(t, x) ∈ C ∞ is the fundamental solution of the heat equation. Therefore, even under a rough initial data, we observe that for any t > 0, the family {B m } m>1 plays the following role: the smoothness of B m at F(B m ) increases asymptotically to, let us say, C ∞ as m ց 1. Motivated by such analysis, we turn our attention to investigate high regularity, in space and time, along interior points of the free boundary F(u) := ∂{u > 0}, for nonnegative bounded weak solutions of (m-pme) as m is universally close to 1. More precisely, fixed any parameter µ ∈ (0, +∞) we provide an universal closeness regime such that solutions of (m-pme) are pointwisely of the class C µ at F(u). Although such features seen to be appropriate for this scenario, it presents further difficulties. For example, we observe that (m-pme) revels a variance on the diffusion velocity, which depends directly on m. Thus to gather high regularity from the limit case m = 1, a suitable strategy is needed since the intrinsic cylinders are changing when m varies, see (2.1). Motivated by this, we could try instead of solution u, to provide growth estimates through the pressure
which turns our analysis to the pressure equation
Unlike equation (m-pme) the diffusion term related to the equation above does not depend on m and so, an analysis of such pde would sound reasonable. However, since m ց 1 the pressure constant has to behave like c ≈ 1/(m − 1) and so, no further information is available from the second order term of the limit equation.
As an important consequence of such analysis, we also study nonnegative bounded weak solutions for the inhomogeneous porous medium equation with bounded source term,
providing for m − 1 ≪ 1, optimal growth estimates
at touching ground points (t 0 , x 0 ) ∈ F(u). Related to this scenario, we mention [15] for improved Hölder regularity estimates at the free boundary, under integrability conditions on the source term. Futhermore, we also refine the methods employed here to provide sharp local C 0,1 regularity in space and C 0, 1 2 regularity in time for equations of the type (f ,m-pme). We have postponed the precise statements to Section 2.1.
The main strategy of this paper is based on the Caffarelli's compactness approach [6] , and a refined improvement of flatness strategy provided by Teixeira in [16] . For this scenario, we point out that, to produce a suitable flatness property, the compactness argument provides how m has to be universally close to 1. However, such closeness shall depend on the parabolic metric from which (unlike their elliptic counterpart) varies on m, causing a self-dependence on this parameter. In order to avoid this issue, a subtle use of dyadic parabolic cylinders is provided, see Proposition 1.
The paper is organized as follows. In Section 2 we gather relevant notations and present the main Theorems, as well as known results we shall use in this article. In Section 3 we treat the homogeneous case and the proof of Theorem 1 is delivered. The inhomogeneous case is discussed in Section 4, where the proofs of Theorem 2 and Theorem 3 are carried out.
Preliminaries and Main results
Notations and intrinsic parabolic cylinders. The lack of homogeneity caused by the nature of degeneracy or singularity of certain parabolic equations requires a refined choice for suitable cylinders, cf. [17, 18, 19] . In view of this, for a fixed open bounded set U ⊂ R d and parameter θ > 0, we introduce the intrinsic θ-parabolic cylinder
where I θ ρ := (−ρ θ , 0 ] is an 1-dimensional interval and B ρ is the d-dimensional ball with radius ρ centered at the origin. More generally, we set I θ ρ (t 0 ) := (−ρ θ + t 0 , t 0 ] and B ρ (x 0 ) := {x 0 } + B ρ . We also denote G 1 := G θ 1 for any θ. It is easy to check for any number 0 < µ < ∞, equations of the type (m-pme) have an invariant scaling under cylinders (2.1) with the interpolation space/time given precisely by
We highlight the following monotonicity
Next, we introduce the notion of solutions of (f ,m-pme) we shall work with.
Definition 1. We say a nonnegative locally bounded function
Given a nonnegative function u we denote the parabolic positive set of u and the parabolic free boundary, respectively by
According to the above definition, we interpret the gradient term as
in P(u).
Main results.
Here we present the main results we shall prove in this paper. The first one provides high regularity estimates for the homogeneous equation (m-pme) at free boundary points (t, x) ∈ F(u).
Theorem 1 (High growth estimates at free boundary points). Fixed 0 < µ < ∞, there exist parameters 0 < m µ ≤ 1 + 1/µ, 0 < ρ 0 < 1/4 and C > 0 depending only on d, u ∞,G 1 and µ such that, for
For the second result, we establish the optimal rate growth for solutions of the inhomogeneous case (f ,m-pme) at free boundary points (t, x) ∈ F(u). Such optimality is observed by considering the stationary solution u(t, x) = u(x) = C|x| 2/m , for C > 0 depending on d and m.
Theorem 2 (Optimal growth estimates at free boundary points). There exist parametersm > 1, 0 < ρ < 1/4 and C > 0 depending only on d, f ∞,G 1 and u ∞,G 1 such that for each
Next, we establish local sharp regularity estimates in space and time, for nonnegative bounded solutions of (f ,m-pme). Auxiliary results. Here we shall mention some important results to be required trough this paper. First, we remark the strong maximum principle for the heat equation, see for instance [11, Theorem 11] .
Next, we are going to mention stable local regularity estimates for solutions of (m-pme) within their domain of definition. As obtained in [10] , see theorem 11.2 and remark 1.1, constants C and α in theorem 5 below, are stable as m ց 1.
Theorem 5. Let 1 ≤ m ≤ 2 and u be a bounded weak solution of (m-pme) in G 1 . Then there exist constants C > 0 and 0 < α < 1 depending only on d and u ∞,G 1 such that
Normalization regime. For the results to be established in this paper it is enough, with no loss of generality, to consider normalized weak solutions v of (m-pme) , i.e., satisfying v ∞,G 1 ≤ 1. Indeed, in the case the results are established for normalized solutions, for any bounded weak solution u(t, x) we may redefine it as follows 5) for N = max{1, u ∞,G 1 } with the following requirements b = 2a − (m − 1) and a < 0.
Since v still solves (m-pme) in G 1 satisfying 0 ≤ v ≤ 1, we conclude that Theorem 1 and Theorem 3 can also be obtained for the non-normalized u(t, x) with parameters under the additional dependence on u ∞,G 1 . By a similar analysis, we have that, for a given universal ε 0 > 0, we can always enter the smallness regime f ∞,G 1 ≤ ε 0 for a universal rescaled solution of (f ,m-pme) as in (2.5).
Proof of Theorem 1
The next result provides a universal flatness estimate that allows us to construct a refined decay of solutions in dyadic parabolic cylinders centered at a free boundary point. 
then sup
Proof. For the sake of contradiction, we assume the existence of κ 0 > 0 and Proof. First let us fix 0 < µ < ∞. Since we assumed 1 < m ≤ 1 + 1/µ, it is easy to observe that for the parameter θ given in (2.2), there holds 1 ≤ θ < 2. This implies that 
as desired.
Proof of Theorem 1. Up to a translation, we can suppose with no loss of generality that x 0 = 0 and t 0 = 0. Also, from (2.5) we can assume 0 ≤ v ≤ 1. By now, we show a discrete version of Theorem 1. In other words, for ρ and m µ as in Proposition 1, there holds
We prove this inductively. Note that case k = 1 is precisely Proposition 1.
Let us assume that (3.3) holds for some positive integer k > 1. Set
It is easy to check that v k solves (m-pme) in G 1 with the same exponent m satisfying 1 ≤ m ≤ m µ with θ as in (2.2). In addition, by the induction hypothesis, (3.3) holds and so we have v k ∞,G 1 ≤ 1.
Thus v k satisfies the hypothesis in Proposition 1. From that, we obtain
To complete the proof of Theorem 1, we argue as follows. For a given 0 < r ≤ 1/4, we select the positive integer k r such that
Finally, remembering that ρ = 1 
The inhomogeneous case
In this section we shall deliver the proofs of Theorem 3 and Theorem 2 which provide regularity estimates for nonnegative bounded weak solutions of (f ,m-pme) for parameters m universally close to 1. Hereafter in this section, we assume the intrinsic cylinder exponent θ = θ(µ, m) for the particular case µ = 2/m, see (2.2) . In this case such exponent is given by θ = 2/m. Now we state the following approximation lemma.
Lemma 2.
Let v be a nonnegative bounded weak solution of (f ,m-pme) in
we can find ̟, a bounded weak solution of (m-pme) in G 1 1/2 , satisfying ̟(0, 0) = 0, such that
Proof. As in the proof of Lemma 1 we assume, for the sake of contradiction, that there exists κ 0 > 0 and, for each positive integer k, functions v k and f k , such that 0 ≤ v k ≤ 1, f k ∞ ≤ 1/k and v k is a weak solution of (f k , m-pme) in G 1 . On the other hand,
for any bounded weak solution ω of (m-pme) in G 1 . This gives us a contradiction to (4.3) by choosing k ≫ 1.
Remark 1. Thanks to Theorem 1, we observe there exists universal parameterm > 1 and universal positive constant C such that for any ω nonnegative bounded weak solution of (m-pme) with 1 < m ≤m, there holds
4)
for θ ′ = 2(1 − m) + 2.
First, we state the following proposition. Indeed, we prove this by induction on k. Let us denote by P k the following statement: if estimate (4.7) is pointwisely satisfied, then estimate (4.8) holds. Note that Proposition 2 corresponds to the case P 1 . Now, we assume the statement P k holds for k > 1. Under the assumption (4.7) for k + 1 instead of k we considerṽ
Easily, we observe thatṽ is still a nonnegative bounded weak solution of (f , m-pme) for the parameter 1 < m ≤m previously fixed and f ∞ ≤ ε 0 , such thatṽ and so, P k+1 is obtained. Therefore P k holds for every positive integer k.
Finally we are ready to conclude the proof of Proposition 3. Fixed radius 0 < r ≤ r 0 , let us choose the integer k r > 0 such that r kr+1
Proof of Theorem 2. As observed in (2.5) we can assume, with no loss of generality, that nonnegative bounded solutions of (f ,m-pme), are under the following regime
for ε 0 as in Proposition 3. Using a covering argument, it is enough to prove estimate (2.3) for the particular case t 0 = 0 and x 0 = 0. Since (0, 0) ∈ F(u) satisfies directly the pointwise estimate in (4.6), we have that the proof of Theorem 2 follows easily as a particular case of Proposition 3.
Proof of Theorem 3. It is enough to show estimate (2.4) for the particular case y = 0 and s = 0. For this, we have to show there exist positive constants m 0 and C such that, for a given nonnegative weak solution v of (f ,m-pme), with 0 < m ≤ m 0 , there holds sup
for any 0 < r ≪ 1. We also note that after a normalization argument, as argued in (2.5), we can assume with no loss of generality, that the solution v satisfies the smallness conditions required in Proposition 3. For a universal parameter r 0 as in Proposition 3, let us denote
We split the proof into three cases. and so we guarantee that v satisfies estimate (4.9) for any 0 < r ≤ r ⋆ τ 0 . In order to conclude the argument of this case, we have to prove estimate (4.9) also holds for radii r ⋆ τ 0 < r ≤ r ⋆ . Indeed, using Proposition 3 for radius r ⋆ once more, we get sup
Case 3. r ⋆ > r 0 . We easily observe that v(0, 0) > 1 2 r 2 m 0 .
By continuity, v(t, x) is universally bounded from below in a small universal cylinder centered at (0, 0). Therefore, v solves a uniformly parabolic equation as in (4.10), which implies that, for some universal r 1 > 0, v satisfies estimate (4.9) for any 0 < r ≤ r 1 .
Finally, we conclude estimate (4.9) holds for radii 0 < r ≤ min{r 0 , r 1 }.
